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IIL. On the Equation for the Product of the Differences of all but one of the Roots of a
given Equation. By Arraur CAYLEY, Esq., F.R.S.

Received November 30, 1860,—Read January 10, 1861.

It is easy to see that for an equation of the order #, the product of the differences of
all but one of the roots will be determined by an equation of the ordern, the coefficients
of which are alternately rational functions of the coefficients of the original equation,
and rational functions multiplied by the square root of the discriminant. In fact, if the
equation be pv=(a, ... X, 1)*=a(v—x)(v—p0)..., then putting for the moment ¢=1, and
disregarding numerical factors, /O, the square root of the discriminant, is equal to
the product of the differences of the roots, and ¢'z is equal to (¢—@)(«—7y)..., con-
sequently the product of the differences of the roots, all but «, is equal to /0 +¢',

and the expression ;Ta is the root of an equation of the order n, the coefficients of which

are rational functions of the coefficients of the original equation. I propose in the
present memoir to determine the equation in question for equations of the orders three,
four, and five: the process employed is similar to that in my memoir “ On the Equation
of Differences for an Equation of any Order, and in particular for Equations of the
Orders Two, Three, Four, and Five*,” viz. the last coefficient of the given equation is
put equal to zero, so that the given equation breaks up into =0 and into an equation
of the order n—1 called the reduced equation ; and this being so, the required equation
breaks up into an equation of the order n—1 (which however is not, as for the equa-
tion of differences, that which corresponds to the reduced equation) and into a linear
equation; the equation of the order n—1 is calculated by the method of symmetric
functions; and combining it with the linear equation, which is known, we have the
required equation, except as regards the terms involving the last coefficient, which terms
are found by the consideration that the coeflicients of the required equation are semin-
variants. The solution leads immediately to that of a more general question; for if the
product of the differences of all the roots except «, of the given equation

ov=(x)v, 1" =a(v—ea)(v—FB)... =0

(which product is a function of the degree n—2 in regard to each of the roots 3, ,9..),
is multiplied by (#—ay)"? the function so obtained will be the root of an equation of
the order n, the coefficients of which are covariants of the quantic (¥Y, )", and these
coefficients can be at once obtained by writing, in the place of the seminvariants of the
former result, the covariants to which they respectively belong. In the case of the

* Philosophical Tfansactions, vol. cl. p. 112 (1860).
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46 - MR. A. CAYLEY ON THE EQUATION FOR A FUNCTION

quintic equation, one of these covariants is, in regard to the coefficients, of the degree 6,
which exceeds the limit of the tabulated covariants, the covariant in question has there-
fore to be now first calculated. The covariant equations for the cubic and the quartic
might be deduced from the formulee Nos. 119 and 142 of my Fifth memoir on Quantics*;
they are in fact the bases of the methods which are there given for the solution of the
cubic and the quartic equations respectively; and it was in this way that I was led to
consider the problem which is here treated of.

1. The notation { (e, 8, ¥..) is used (after Professor SYLVESTER) to denote the pro-
duct of the squared differences of («, 8, ¥..), and the notation ¢¥(«, 3, ¥..) to denote
the product of the differences taken in a determinate order, viz.

L@, B, 75 3. )=(e—PB)e—y)(x—=3) ..
(B—7)B—9)..
(y=12)..

2. The product of the differences of the roots of an equation depends, as already
noticed, on the square root of the discriminant; and in order to fix the numerical
factors and signs, it will be convenient, in regard to the equations

(@, b, ¢Yv, 1)’=0,

(a, b, ¢, AN v, 1)*=0,

(a, b, ¢, d, v, 1)'=0,
(@, 0, ¢, d, e, fYv, 1)=0,

to write as follows :—

Bep)= v/ =(dao—F) _l/=s,
Glapor)= o/ —@T@dFIact ) =/ =0,
{2 TFPIAF . ==/ 5

) 1 — — 1,
L, B, 7,0, )= —=12/BIBaf 1 2560%¢ + . .=—/ T,
where it is to be observed, for example, that writing in the last equation ¢=0, and

therefore =0, we have ¥z, 3, 7, J, O)="fz\/ 256a’¢>+- .., which agrees with the

equation Z(a, B3, v, 8, 0)=aBy3L* (@, B, ¥, B):gﬁ(a, B, 7, d), if for L¥(a, B, v, d) we sub-
stitute the value given by the last equation but one.
For the cubic equation (&, b, ¢, d{v, 1)’=0;
8. We have to find the equation for =¥« B)=«—f3; the roots are
0=PB—y, b=y—a, b=0—0.
* Philosophical Transactions, vol. exlviii. pp. 415-427 (1858).
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To apply the method above explained, write =0, and therefore also d=0; the roots
~ thus become
0=03, b=—a, l=a—{,
and we have the quadric and linear equations
(0+a)0—P)=0, 0—(a—P)=0.

where («, 3) are the roots of the equation

(@, b, v, 1=0.
Hence, writing

7 =4ac—0?,

we have

w—B=1r/ =7,
and the two equations become

’ Cat0n/ —Z—c=0, ba—~/—7Z=0;
or multiplying the two equations together,
0a* +6°0 +-0(3ac—8*)+on/ —Z =0,

which is what the required equation becomes, on putting therein d=0; the coefficients
of the complete equation are seminvariants, and the terms in d are to be inserted by
means of this property. The coefficient 3ac—&* is reduced to zero by the operator

3a0,-+260,4-¢c9,,
it is therefore a seminvariant, and remains unaltered. The coefficient ¢/ —Z is what
»/— 0O becomes (O being the discriminant of the cubic equation) on putting therein
d=0, it is therefore to be changed into o/ — 0. Hence

4. For the cubic equation (e, b, ¢, dYv, 1)* the equation for 0(:2;%(05, B)) is 0=

a* % ’ VT x
4 A RS A A g A (4 A A
( +1 0 +3 ac +1 |4, 1)
—1 &

For the quartic equation (a, b, ¢, d, €}, 1)*=0;

5. Here
i=—8(e, B, 1) =—(a—B)(a— 1Y)

0= C%(,B, 7,9),

b= —?(% 5, @),

b=, p),

b= "‘Z%(“’ B, 7)’
the signs being in this case (and indeed for an equation of any even order) alternately
positive and negative; in fact, if the equation is represented by gv=0, then the roots
divided by {¥(e, 3, v,9) should respectively be ¢z, ¢'3, ¢y, ¢, and this will be the case
if the signs are taken as above.

the roots are

"2



48 MR. A. CAYLEY ON THE EQUATION FOR A FUNCTION

6. Putting now 8=0 (and therefore e=0) the roots become

6, =B¥(B—7)
Az=7“(7"" “)’
b=cf}(x—p),

0= _Z%(“a »Ba 7)a
where («, 3, v) are the roots of (a, b, ¢, dYv, 1>=0. Let Z denote the discriminant

of the cubic function, then Z%(oc, 3, y):%\/ —7, and we have thus the linear equation;
the cubic equation is

IL{0—By(B—7)}=0,
the coefficients of which can be calculated by the method of symmetric functions (see

Annex No. 1).
7. The cubic equation being thus obtained, we have the two equations

&.at b.a’
40—’/ =7 + =7
+0 . — 9@+ 4abed—b*d
+ &I
=0 =0;
and multiplying these together, the resultant equation is
¢.a°
+6.0

+ 0. 0*(—9a’d*+ 4abed—b°d+7.)
+0. (—8ad+dabe—b*)d/ —7
 —dZ=0,
where the coefficients have to be completed by adding the terms which contain e. We

have /O in the place of di/—Z, and O in the place of —d*Z. The coefficient
— 8a’d--4abc—0b® is a seminvariant, and requires no alteration. The coefficient
' — 90’4+ 4abecd— bd+7Z
18
— 9a?d*+ 4abed —bd

+270*d*—18abcd+4ac*+ 48°d—bc?;
that is,
-+18a%d?

—14abed
+ 4dac®
4+ 306°d
— 18%¢%,
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and the terms in ¢ to be added to this, in order to make it a seminvariant, are easily
found to be
—16a%ce

+ 6abe.

~ 8. Hence, for the quartic equation (a, 4, ¢, d'{v, 1)*, the equation for I(=t¥(x, B, 7))
is 0= '

a'x @0 x @ X vV Ox o x
A A A A
r N\ N a\s N
+1 4 0a —16 d’ce —8 od + 1
+l(85 a”cfz +4 abe
+ ab’e -1 & 4
( —14 abed Ké’ 1) :
+ 4 ac®
+ 8 &d
— 1 ¢

For the quintic equation (a, b, ¢, d, ¢, fYv, 1)°’=0;
9. We have ¢ =Z%(“, B, ¥, 9), the roots being
0, =08, 7,3, 6), which for e=0 becomes By3Z}(3, v, d) ,

0,=2Xy, 3, ¢, @), ” ’ —dali(y, d, a) ,
6,=00, & o, B), o, v SeBLE(d, o, B),
94=Z§(£a @, 3, '7)’ 9 ’ "'“B?’Z%(“: Bs ),
95'-_—'3%(“’ B, 7, %), ) 3 Z%(“v B, ¥, 9).

10. The linear equation is da’++/ Z=0; the quartic equation may be written
IT1,(0—0,)=0, for the determination of which see Annex No. 2. The two equations are

. ; 9.a
+0—a'/7 + 7
+¢ . a°Me
40 . N7
+ &7
=0 =0;

and multiplying these together, the resulting equation is
¢, a®
+¢.0
+& . of(Me—7)
+¢ . a*(Ne+M)en/Z
+4 . (N4a')eZ
+ ¢Zn/7.=0,
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where the coefficients have to be completed by the addition of the terms in f. We
have o/ O in the place of ea/7Z, and therefore 01 in the place of ¢*Z.

11. The value of Me—17 is

+96—256= | —160 &%
—604+192= | +132 a’bde®
—404128= | + 88 a’c%?
+27—144= | —117 d’cd’e
+ 27= 1| + 27 od*
+47—144= | — 97 ab’cé
+ 6= 1| + 6 ab’de
—18+ 80= | + 62 abc’de
— 18= | — 18 abed?®
+ 4— 16= | — 12 ac'e
+ 4= | + 4 adP
— 94 27= | 4+ 18 &%
+ 4— 18= | — 14 Bcde
+ 4= | + 4 ¥
— 14+ 4= | 4+ 38 b
— 1= | — 1 b%*d?
and the terms in f are found to be
+300 didef
—130 a’beef
—120 o*bd’f
+ 40 o*cdf
+ 28 ablef
+ 66 abiedf
— 24 abc®f
— 16 Bdf
+ 6 &c¢f
—125 adef?
+ 50 a263f*
12. The value of Ne-+M is
—164+96= | +80 a’c?
4+ 6—60= | —54 d’bde
+ 4~40= | —36 a’c’
+27= | +27 d*d?
— 54-47= | +42 ab’ce
—18= | —18 abcd
+ 4= | + 4 aoc
+ 1— 9= | — 8 b'e
+ 4= | + 4 bHcd
— 1= — 1 8%

and the terms in £ to be added thereto are found to be

—50
+30

— 8 alb’f

a*df
a*bef
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13. The value of N+ae is

ade
a*bd
a’c?
ab’e
b‘i

| + 14+
Ot OOt

which is a seminvariant, and requires no addition.
14. Hence, for the quintic equation

(a, b, ¢, d, e, f¥v,17=0,
the equation for o(={¥a, B, 7, 3)) is 0=

a2 x a® X AV O x o x O/ T x
e e e 8

+1 0 | —125 d'ef? —50 adf
+300 d’def +80 a’¢*
—~-160 &’¢® +30 d?bef
+ 50 &%0%f? —54 abde
+132 a*bde’ —36 a’c’e
—130 a®beef +27 ded?
—120 &*bd*f — 8 ab’f
+ 40 d’c’df +42 abice
+ 88 acle’ — 18 abc’d
—117 ded’

27 a*d*
28" ablef
97 ab?ce?
6 ab?d’e
62 abcide -
66 ab’cdf
18 abed?
24 abd’f
ac'e
4 ac’d?
16 &'df
18 b'e?
14 b3cde
4 b%q3
6 bc*f
3
1

a*bd
a®c?
ab’e
64

1+
- s OO O

act
ble

e %0 1)

L+ 1+
- 00 W

L4+ 1+ 1+ I +++1++
®

b%c’e
6202d2

15. As a verification of this result, I remark that, taking for the quintic equation
v’ v' 441’ +v+41=0, the roots of this equation are —1, w, &*, —w, —a?, where
w is an imaginary cube root of unity (#*4w-+1=0). We ought to have {¥(«, 3, 7, , ¢)
=—\/ O =—236; and this will be the case if, for instance, a, 3, v, 9, ¢ are respectively
—1, w, *, —&®, —w. We have then .

Gy By gy d)=—1—w. —1=0® —1+o*. o—a?. wta?. 2 = 6,
(B, v, 0, )= w—d' w+a®. 2w. 2% Pt 0. —P+o =—12,
By, 3,6, a)= 20 *+w.0*+1. —o?tw. —a+1. —w+1 =+ 6(v—0?),
20, ¢, 0, B)=—d*tw. —o*+1. —0*—w. —o+1.—2. —l—o=—6(w—0a?),
Ble, o, B Y)=—0+1.—20. —0—o?. —1—w. —1—a? . 0—a® = 6.
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The equation in 4 is thus (4—6)*(d+412)(¢*4108)=0, or multiplying out it is
(1,0, 0, +432, —11664, 44665674, 1)*=0,

which in fact (observing that /' 0=36) is what the preceding formula becomes for
the equation (1, 1, 1, 1, 1, 1o, 1)*=0.

The analogous verifications for the cubic and the quartic equations are as follows;

16. For the cubic, if the assumed equation is v*4v*+4v-+1=0, the roots whereof are
—1, 4, —% (##=—1), then we should have Z¥(«, B, y)=+/— O =44, which will be the
case if @, 8, y=—1, ¢, —{, respectively, and the roots 83—, y—w, «—f3 of the equation
in 4 then are 24, —¢+1, —i—1, so that the equation in 4 is (£°42i4—2)(4—2:)=0, or

O (1,0,2, 4 X0, 1)=0,

which (observing that o/ 0 =4¢) is what the formula for the equation in ¢ becomes for
the equation (1, 1, 1, 17w, 1)’=0.

17. For the quartic equation, taking this to be v*4v’+4v*+v-4+1=0, the roots are
w, &*, *, &', where o is an imaginary fifth root of unity (#*+e'+a*+4w+1=0), and
putting «, 3, ¥, 8 equal to w, &*, &°, »* respectively, we have

—/O=a, B, v, d)=—b(a+o' —a*—a"),
giving, as it should do, 0 =125. The equation in 4 is therefore by the formula

(1, 0,0, —-26w+u'—a*—a*, 12674, 1)*=0.
But the roots are

0= T, y,0)= ("—o*)(&—0')s*—0')= 2— o+ &'—2,'= 2-X,
b=—0y,3,a)=—(a!—a*)(&’ —w J(o'—w )= —14+80+20’+ &'=—1+Y,
b= U00,00)= (v—e)e'—e’)(w —a)=—4—80—2s"— &’=—4-Y,
O=—=0(a, B, y)=—(0 —o*)(w —a*)(s®—0")= 8+ o— &*+2’= 34X,

if, for shortness,

X=o—a+20°, Y=3w+20+4".

The equation in 4 is therefore |

(0= 2+ X)(0+1—Y)(0+4+Y)(6—3—X)=0,
where the left-hand side is the product of the factors

(0—24-X)(0—8—X)=F—50+6— X—X?=@—50+10—5(w +4*)

wnd (04+1=Y)(0+44+Y)=0~+50+4+4—3Y-Y*=0450+10—5(a’+0°) ;
and the‘e‘quation in 4 is, therefore, as it should be,

(1, 0, 0, — 250+ w'—a'—a, 1254, 1)*=0.

Passing from the denumerate to the standard forms;
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18. For the cubic equation (a, 4, ¢, &Y, 1*=0, the equation for 4(=Z}(B, 7)) is 0=

a? x 9 x I V=271 x
— | —p 0 )
1
( +1 0 _—tl o ‘ +1 "o, 1)

19. For the quartic equation (a, b, ¢, d, eJ(v, 1)*=0, the equation for 4(=Z¥«, B, 7))
1s 0=

a® x 964° x 5124/ x 256 0 x
— " —— —

+1 0 — 1 d%e —1 d¥d +1
+ 3 o*d? +3 abe
+ 1 ab’e —2 b

( —14 abed ’ 6, 1)t

+ 9 ac
+ 8 b*d
— 6 5%

20. For the quintic equation (, b, ¢, d, ¢, f Yv, 1)*=0, the equation for (J( =¥, ,7,9))
is 0= (

" x 625 afx 125000/ Oa®x | 156250 x | 761250V T
e 0 (';\f‘f?h ver ) e | T
—_ a’c — a — 3 d’e .
+ 24 agdqf + 4 aae'gf +12 o’bd
— 32 a*¢ + 3 a%bef +16 a’c?
+ 2 &t — 27 d’bde —50 ab’
+ 264 a’bde® — 36 d’c’e +25 bt
- 5?; a:zzlg; + 54 d’ed?
— 96 @ — 2 ob®
+ 64 &df | +105 abéjcee
+ 352 a’c’e’ —180 abe*d
— 936 d’cd’e + 80 act
+ 432 Jd — 50 b
+ ?s aiiqu +100 Fed
— 970 ab’ce — 50 & 5
( 4+ 120 ab’d?e j{é 1)‘
+ 264 ablcdf
+ 2480 abc’de
—1440 abed®
— 192 abc’f
— 960 ac'e
+ 640 ac’d?
— 160 &'df
+ 450 d*e?
—1400 &cde
+ 800 2%
+ 120 B
+ 600 &%ce
— 400 b%c*d?

21. I remark, with respect to the equation in 4, for the cubic, that it leads at once to
the equation of differences. In fact we have

@+ 9(ac—)0++/ =270 =1, {0—(a—B)},

MDCCCLXI. I
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@+ 9(ac—8*)0—~/ =270 =IT,{0+4 (a—P)} ;
or multiplying the two equations and putting w for ¢,
w{atut9(ac—0%)y*+270 =, {u—(e—p)},
that is, the equation of differences is |
a'w*+18(ac—b)a*uw*+81(ac—b*Pu+4-270=0;
but this mode of composition of the equation of differences is peculiar to the case of the
cubic.

If in the several equations in 4 we substitute for the seminvariants the covariants to
which they respectively belong, we obtain as follows :—

22. For the cubic equation («, b, ¢, d} v, 1)*=0, the equation for (S:(B—ry)(x—uy)) is

whence changing the sign of 4,

Ux

9 x 4/—/2\7\3)(
—t——— || —
( +1 0 | +1 1S, 1)=0.

23. For the quartic equation (a, b, ¢, d, ¢Xv, 1)*=0, the equation for
3(=(8—7)(r—)(3—B)(e—ayy) is

Ut x 96U x | 512+/mox | 2560 %
| — | —A— | —— —— | ——
( +1 iz.llg —3 +1 Yy, 1)'=0.

24. And for the quintic equation (a, 3, ¢, d, ¢, f Y(v,1)*=0, the equation for
H=B=B=1)(B—e)(y—d)y—e)P—e)fw—ey)) is
- U”, ~
0,

625U%A, B,C, D, E, F, G, »)",
125004/ T U*{4U(No. 14)>—U(No. 20)—50(No. 15)(No. 16)}, €9, 1¢=0,
15626 O {—3U*No. 14)4-25(No. 15)’},
L76125 O4/0 | J
where the covariant which enters into the coefficient of J* being of the sixth degree in
the coefficients, is not given in the Tables.

Its value (completed for me, from the first term, by Mr. Davis) is

Al
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—  2d%f |4+ 18 &df? |— 30 ¢t |— 1047 | = 380 &%fF |+ 18 d%f* |— 2 &dfP
+ 24 ddef |~ 48 def |+ 210 d%df? |+ 30 @’bef? |+ 210 deef? |— 66 ddef? [+ 2 a¥éf?
— 324 | — 66 a’cf? |+ 60 a%bef |+ 680 aPcdf? |+ 180 a*dfP |+ 48 &% |+ 24 abef?
+ 2 @B |+ 348 d’bdef |+ 180 o’ | — 320 dlc’f |— 840 a’de’f |— 48 ab¥P |\ — 52 abdef?
+ 264 a’bde® |+ 48 a’bé® |+ 120 dPedef | —1320 adef |+ 480 e + 348 abeef® | + . 28 abe’f
— 52 d’beef |+ 624 a’cPef | — 480 d’ce® |4 960 ode® |+ 6O ablef? |+ 624 abdif?|— 96 ac’ef*
— 96 b | — 936 a’ed’f | —1080 a’d’f |— 320 al’df? |4 120 abedf®|+ 720 abe* |+ 64 acdif?
+ 64 a’cdf |— 576 d’cde’ | +1080 a*d*¢® |+ 290 ab’e’f |— 540 abee’f | —1596 abde’f |+ 264 acde’f |
+ 352 &’ |+ 648 d’dPe | — 840 ab’cf? | —1320 abc’f? |+ 960 abd’ef | — 936 ac’df? |— 160 acet
— 936 ded’e |+ 48 ab’f* |— 540 ab’def | 44160 abedef | — 600 abde® | — 48 ac’e®f |— 192 ad’ef
+ 432 &’d* | —1596 abicef |+ 450 ab’e® | —38200 abee® | —1080 ac’f? | -+-3504 acd’ef |+ 120 ad’e
+ 28 ab’ef |+ 210 ab’de® |+ 960 abc’ef |+ 960 abd’f | +4560 ac’def | —1728 ad'f |-~ 32 bf*
— 970 ab’ce® |— 48 ab’d*f | +4560 abedf | — 600 abd’e® | ~2400 ac®e® | —1920 acde® |+ 264 bieef?
+ 120 ab’d’e | 4+3504 abc’df | —4200 abede® |+ 960 ac’ef | —2880 acd®f |4+1080 ad’e® |+ 352 §*d:f? j{,};’ Yo
+ 264 abledf |+ 720 abc’e | —2880 ac’df |—2560 acd’f |+1800 acd’e |+ 48 Bef? | — 970 pdéf ’
+2480 abc’de | —2160 abed®e | +2400 ac’e® | +1600 ac’de* | — 480 B2 576 Bedf? | + 450 p%*

—1440 abed® |+ 960 acde |— 600 Beof |—3200 def |+1080 B2 |+ 720 Bd%f | +2480 bed'er
— 960 ac'e + 720 bef —2400 p°d*f | +2250 p%° —4200 ’edef 450 &de® |+ 120 be*e*f
+ 640 ac®d® | —1920 bedf |+2250 Bde* | — 600 Bc%f | +2250 bced |+ 648 beif? | —1400 bede®
— 160 6'df | — 450 Fee® | +1800 BCdf | +1600 Bedif | 42400 BdSF | —2160 boidef | — 960 bdls

|+ 450 b 41200 2%d% | —1500 &%%* | —1000 Bl%ede’ | —1500 5%d%* | +1200 Hc%ed + 600 332
—1400 bede | +1080 %f : + 960 Bed®f |+ 432 &7

120 &¢f | — 600 bc’de 4 — 600 bed*e® | —1440 cidef
+ 800 5 , ; _ + 800 &
+ 600 &% o ' + 640 Ed*f
— 400 &%*c*d? : — 400 %’

192 ab’f | —1728 ac'f |+ 480 42 |+ 960 537 |+ 430 2 |4 210 beef | — 936 beddf?
A S S * iy

In the following two Annexes, the notation of the symmetric functions is the same
as in my *“ Memoir on the Symmetric Functions of the Roots of an Equation*,” and the
values of the symmetric functions are taken from that memoir, the powers of @ being
restored by the principle of homogeneity. The suffixes of the 3 indicate the number
of terms in the sum; thusin the first Annex Z,y(B—y)(y—o)=2,(By*—ofy —y*+ay?);

 the terms 3,(3y*+ay?) are equal to 3?3, the complete symmetric function; the correct

result will be obtained (though of course neither of these equations is true) by writing
2,8y =12:0B, Z0p*=13:"B, and so in similar cases; the insertion of the suffix to the
> very much facilitates the calculation, and is a check on its accuracy.

Annex No. 1, containing the calculation of the equation IT,(§—06,)=0, where

6,=By(B—7), bi=ye(y—a), d=0ef(z—p),

, 3, v being the roots of the cubic equation (e, b, ¢, dYv, 1)°=0.
‘We have

1 Ras
30=3p/(B—r)=—(s—B)E—1)r =) =0 B 7)==\ ~Z.
where Z=27a’d*>+4 &ec. is the discriminant of the cubic.

340,0,= 2By (B—1)ye(y —)=oBy Zy(B—7)(y—2),
where ¢8y=— g and

2/(B—7 Ny —e)=2(B7"—afy—7"+a7")

# Philosophical Transactions, vol. exlvii. (1857) pp. 415-456.
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=3 =— (3)=1  3cd—3abo+15
3’8 4+ (21) -+ 3a*d—1abe
—3aBy —3(13) +3a’d

= (9a*d—dabo+17),
and therefore
3,00,= — (968 — daded +15d).
And lastly,
21000, or 0,00, =3y (e —PB)(B—)(y—a)
= =By (e B, 7)

dQ
=—54/ —Z.

So that the equation is the one given above, No. 7.
Annex No. 2, containing the calculation of the equation IT,(d—4,)=0, where
6=PPC(B, v, 3), b=—13l}(y, 3, a), 6=0L}0, 2, B), and b, =—aByl¥(=, B, 7),
e, f3, 7, 0 being the roots of the quartic equation (a, b, ¢, d, v, 1)*=0.
24=>2LPCB, v, 0)=—(u—p)(e—y)a—d)(B—rNB—3)y—?)
==L¥a, B, v, ) '
= i,
where Z=256a%"+ &c. is the discriminant of the quartic.
2o0,t,=2s0,0,=2PapLI0, o, B) X —afyli(= B, 7)
=203 —e)(3—B)(2—PB) X —aBy(¢—B)a—y)(B~7)
= —affyd2uB(x—B) (e —y)(«—3)B—y)B—?),

where af3yd= —%, and

* The signs of 6, 6,, 6;, 6, are taken account of implicitly.
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25— P)(e—7)(@—3)(B—7)(B—?)
——Eeaﬁ(w—ﬁ)”{wﬁﬁ“’—wﬁ(a+ﬁ)(7+3)+(w2+ﬁ32)73+wf3(7+5)?—73(“+B)(7+3)+7”32

-

= 26“363(“ Vlg ‘2“564
— 2303
— 2605262(05_6)2(“4-3)(9/—{-8), viz., — 2240‘5{32?/
+ 2 a'Bly h
; 203’ (53)
+aByd3(w—B ) (@ +37), viz. 233 — 23 —o(47)
‘ — 20 —1(521
—2%3,.0B By (521)
. + 2By +1(431)
e
at 2520 +23 0B +2(42°)
+26a2ﬁ2(a_ﬁ)2(7+3)2, viz. +2212“4BQ'}/2 _ Alga 6 L __2(3 2)
—2 212“36372 o +E 3 2405 -+ 38(4)
+2§212053B _2_22]2“36 —28(31)
€ 2.2
AR —27 30’ —26(2)
. ’ e \ )
—afyd2y(a—PB)*(a+B)(y+72). viz. -—2—2212“35 483,08y +8¢(21%)
‘ p
+2§212“2)87 - 1221—2- -—»1262,
+ afBydZs(e— 3)%y, viz. +£212“~zﬁy
‘ 124
a

where for a moment @ is put equal to unity.
The value of the last-mentioned expression is then calculated as follows :—

e —4 -~12 — 8 —8 —8 —8 ~12 —8 —4 —12 —12 = | —96
bde +1 416 +10 +10 +2 +12 +2 44 + 3 = | +60
e +8 4+ 8 + 4 - +8 +4 4+ 6 44 —2 = | +40
b%e | —9 — 8 —11 — 1 —4 —12 -2 = | —47
b'e +3 + 3 + 3 =49
ed? -7 —8 — 5 —~1 —4 =2 = | -27
Pd® | +3 — 4 4+ 1 —~ 2 42 = 0
bc’d | +6 + 8 + 3 + 1 = | 418
bed | —3 —1 = | — 4
ct -2 — 2 =|— 4
b2 +1 =| 4+ 1

And restoring the powers of @ by the principle of homogeneity, and putting
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M= +96 o?
—60 a®bde
—40 a%’e
+27 ded?
+47 abce
—18 abc?d
+ 4 act
— 9 ble
+ 4 bH3ed
— 1 5

we have
30,0,= 3 Me.
Next, :
2.0,0,0,= 24673§%(B’ ¥, 0) X _78“&%(7’ 3, %) X B“BZ%(B’ %, 3)

= 2Br3(B—v)(B—0)(y—3)X —yda(y —3)(y—)(3—2) X 53— )(3—P)(e~ )
@By —P)(@—y )@ —8)(B—1)(8 —3)(y —0)Z (o —B)(ee—)(—3)
= “2627282@(“’ Bs s 3)24“(“"'@)(“—7)(“'—3)
=—Zn/ L3 (0—B)(2—)(@—3),

and observing that

Il

(@ 8,0, 4, &0, 1 =a(v—a)(v—B) o —1)(v—3),
4av* 4+ 00+ 2ev+-d=a(v—B)(v—y)(v—23)+ &c.,

and therefore

which, putting v=0, gives

4ao?+3be®+2ca+d=a(a—0)(e— y)(@—3),

we have

3 fe—B)(a—7)(w—3)=2(4a3u' 4 3530+ 2030l + d3u)
= 4(4)+35(3)+2c(2)+d(1),

where for a moment ¢ is put equal to 1. This is calculated by

e —16 ’ = | —16
bd +16 -9 —~1 =|+ 6
¢ + 8 —4 =1+ 4
¢ | =16 +9 +2 =|—35
b + 4 -3 =141

or restoring the powers of @, and putting

N=

—16 d’e
+ 6 o%bd
+ 4 %
— 5 ab’%
+ 12
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we have
5000, =5 N/ T
Lastly,
2,0,0,0,0, or 6,0,0,0,= 26272822:}(69 7> B)Z}(% J, “)?(Ev %, B)?(“’ B, 7)
=By 0 (e, B, 7, 3)
=57,

and the equation IT,(—4¢,)=0 is thus found to be the one given above, No, 10.
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